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Abstract
A general family of charge-current carrying string models is investigated.
In the special case of circular configurations in arbitrary axially symmetric
gravitational and electromagnetic backgrounds the dynamics is determined
by simple point particle Hamiltonians. A certain ”duality” transformation
relates our results to previous ones, obtained by Carter et.al., for an infinitely
long open stationary string in an arbitrary stationary background.
Classical circular string configurations, obtained for instance as solutions
to the equations of motion for the Nambu-Goto action [1], are known to col-
lapse unless there are internal or external forces balancing the string tension.
Such forces may arise from charges and currents on the string [2] and/or from
external gravitational and electromagnetic potentials [3-6]. For suitable in-
ternal or external forces stable non-collapsing configurations may exist, which
are then sometimes denoted as ”cosmic springs”.
Internal electromagnetic degrees of freedom as well as the coupling to
external potentials can be introduced in different ways by generalizing the
ordinary Nambu-Goto action. One possibility is a Kaluza-Klein construction
[4] involving one or several extra dimensions. Another possibility, originally
due to Witten [5], is to start from a suitable underlying field theory. Af-
ter integrating over the transverse dimensions of a linear topological defect
solution, an effective world-sheet action can be obtained [6].
In this paper we will however consider more general string actions [7]
having the above mentioned models as special examples.
The most important aspect concerning circular strings is the question of
stability. A convenient way to deal with this question is to consider string
loops with time-dependent radius. A Hamiltonian formulation with an effec-
tive potential for the string radius will then in general make it very easy to
separate the stable configurations from the unstable (collapsing) ones. An
important aim of this paper is therefore to develop a Hamiltonian formal-
ism for circular string configurations obtained as solutions in very general
string models. For completeness we will also allow the string to propagate
in the vertical direction, perpendicular to the plane of the string. It will
then turn out that the circular string is described by the same coordinates
as an ordinary (charged) point particle in an axially symmetric gravitational
and electromagnetic background. Mathematical questions such as Hamilton-
Jacobi separability of the variables in special backgrounds arise naturally in
this context, just as in the point particle case.
The non-linearity of the equations of motion for a string in a non-trivial
background, makes it extremely difficult to analyze the dynamics unless a
suitable Ansatz is made, thus reducing the amount of freedom. A very popu-
lar class of configurations studied in the literature, besides the class of circular
strings, is represented by infinitely long open stationary strings in stationary
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backgrounds [8,9]. As a curiosity we find that there is a very simple ”duality”
transformation relating these 2 categories of solutions.
The starting point of our analysis will be a charge-current carrying string
described by the following action [7]:
S =
∫
L
√
− detGαβdτdσ, (1)
where Gαβ is the induced metric on the world-sheet:
Gαβ = gµνx
µ
,αx
ν
,β, (2)
and L is the Lagrangian density (being just a constant for the ordinary
Nambu-Goto string [1]). xµ (µ = 0, 1, 2, 3) are the spacetime coordinates
and gµν is the metric of curved 4-dimensional spacetime.
A very general family of string models is obtained by letting the La-
grangian density L be a function of the world-sheet projection of the gauge
covariant derivative of a world-sheet scalar field Φ:
L = L(ω); ω ≡ Gαβ(Φ,α + Aµxµ,α)(Φ,β + Aµxµ,β), (3)
where Aµ is the external electromagnetic potential. We are interested in
circular strings and will therefore restrict ourselves by considering only ax-
ially symmetric gravitational and electromagnetic backgrounds. It is then
convenient to decompose the spacetime coordinates in the following way:
xµ = (xa, φ); a = 0, 1, 2, (4)
where φ is a periodic coordinate that can be identified with the string-
parameter σ of the circular string. An axially symmetric background is
obtained by considering only metrics and electromagnetic potentials inde-
pendent of φ. Except for this restriction gµν and Aµ will be arbitrary in the
following.
The Ansatz for our circular string is besides φ = σ taken to be:
xa = xa(τ), Φ = f(τ) + nσ, (5)
where f is an arbitrary function of τ and n is a constant. Thinking for
instance in terms of polar spherical coordinates in 3-dimensional space we
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can identify xa = (t, r, θ). The spacetime dynamics of the string configura-
tions described by the Ansatz (5) then consists of vertical propagation θ(τ),
perpendicular to the plane of the string, combined with radial ”oscillations”
r(τ).
Using the Ansatz (5) we find the components of the induced metric on
the world-sheet:
G00 = gabx˙
ax˙b, G11 = g33 ≡ gφφ, G01 = G10 = ga3x˙a ≡ gaφx˙a, (6)
where a dot denotes derivative with respect to τ . It follows that:
detGαβ = (gabgφφ − gaφgbφ)x˙ax˙b ≡ γabx˙ax˙b ≡ γ, (7)
where γab up to a rescaling is the 3-dimensional quotient spacetime metric:
γab = gφφ(gab − gaφgbφ
gφφ
). (8)
From (3),(5) and (6) we also find:
ω =
1
γgφφ
(
gφφ(f˙ + Aax˙
a)− gaφx˙a(n+ Aφ)
)
2
+
(n+ Aφ)
2
gφφ
. (9)
An important point is now that although the Ansatz (5) has a non-trivial σ-
dependence, this σ-dependence drops out of the action (1). This follows from
the fact that both φ and Φ are cyclic coordinates: The cyclicity of φ is due to
the restriction to consider only axially symmetric backgrounds whereas the
cyclicity of Φ follows from the construction of L = L(ω) (3). The dynamics
of our circular string is therefore fully determined by the effective action:
Seff =
∫ √
−γabx˙ax˙bL(ω(τ))dτ. (10)
We now consider the equations of motion for this effective action. The
equation of motion for the function f(τ) introduced in (5) becomes:
f˙ + Aax˙
a =
1
gφφ
(
Ω
√−γ
2dL/dω
+ gaφx˙
a(n + Aφ)
)
, (11)
where Ω is an integration constant. Using this equation we can rewrite
equation (9) as:
ω(τ) = − 1
gφφ
(
Ω2
4(dL/dω)2
− (n+ Aφ)2
)
. (12)
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The equations of motion for xa are somewhat more complicated. Using equa-
tion (11) we get:
d
dτ
[ Ω(−gaφ
gφφ
(n + Aφ) + Aa) +
γab√−γ (L(ω) +
Ω2
2gφφdL/dω
)x˙b]
− Ω(− gbφ
gφφ
(n + Aφ) + Ab),ax˙
b +
√−γ dL
dω
(
(n+ Aφ)
2
gφφ
),a
− Ω
2
√−γ
4g2φφdL/dω
gφφ,a − γbc,ax˙
bx˙c
2
√−γ (L(ω) +
Ω2
2gφφdL/dω
) = 0. (13)
It is now convenient to introduce the rescaled metric Hab:
Hab ≡ γab(L(ω) + Ω
2
2gφφdL/dω
)2, (14)
the ”quotient spacetime electromagnetic potential” Aa:
Aa ≡ −gaφ
gφφ
(n + Aφ) + Aa, (15)
as well as the new string time parameter τ˜ :
dτ˜ ≡ √−γ(L(ω) + Ω
2
2gφφdL/dω
)dτ. (16)
After some algebra we then obtain the equations of motion (13) in the simple
form:
d2xa
dτ˜ 2
+ Γabc
dxb
dτ˜
dxc
dτ˜
= ΩFa bdx
b
dτ˜
, (17)
where Γabc is the Christoffel symbol for the metric Hab whereas Fab is the field
strenght of the potential Aa:
Fab ≡ Ab,a −Aa,b. (18)
The constant Hamiltonian corresponding to the equations of motion (17) is
finally given by:
H = 1
2
Hab(Pa − ΩAa)(Pb − ΩAb) + 1
2
= 0. (19)
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Thus we have shown that the dynamics of the circular string is determined
by the usual equations/Hamiltonian (17),(19) of a point particle of charge Ω
propagating in a certain ”unphysical” curved 3-dimensional spacetime Hab
and a certain ”unphysical” electromagnetic potential Aa.
Mathematically this seems to be the most elegant formulation of the
circular string configuration for models described by action integrals of the
form (1). It is however desirable to have a simple description involving the
physical spacetime metric gµν and the physical electromagnetic potential Aµ
also. First note that the contravariant metric Hab of equation (19) is given
by:
Hab =
gab
gφφ
(L(ω) +
Ω2
2gφφdL/dω
)−2, HabHbc = δ
a
c , (20)
where gab represents the (ab) component of gµν (thus gabgbc 6= δac !). We can
then perform a conformal rescaling of the Hamiltonian (19):
H −→ Hˆ ≡ gφφ(L(ω) + Ω
2
2gφφdL/dω
)2H, (21)
and a corresponding redefinition of the string time parameter:
(L(ω) +
Ω2
2gφφdL/dω
)−2
dτ˜
gφφ
≡ dτˆ . (22)
The new Hamiltonian is:
Hˆ = 1
2
gab(Pa − ΩAa)(Pb − ΩAb) + 1
2
gφφ(L(ω) +
Ω2
2gφφdL/dω
)2 = 0. (23)
Finally this Hamiltonian can be written in the 4-dimensional physical covari-
ant form:
Hˆ = 1
2
gµν(Pµ−ΩAµ)(Pν−ΩAν)+1
2
gφφ(L(ω)+
Ω2
2gφφdL/dω
)2−Ω
2
2
(n+ Aφ)
2
gφφ
= 0,
(24)
with the extra constraint on the conserved angular momentum of the circular
string:
Pφ = −nΩ. (25)
The equivalence of the 2 Hamiltonians (23) and (24) can easily be established
by comparing the corresponding Hamilton equations. In the form (24) the
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circular string is described by the usual Hamiltonian of a point particle of
charge Ω propagating in the 4-dimensional physical spacetime gµν , the phys-
ical electromagnetic potential Aµ and in the extraordinary scalar potential:
V ≡ 1
2
gφφ(L(ω) +
Ω2
2gφφdL/dω
)2 − Ω
2
2
(n + Aφ)
2
gφφ
. (26)
Until now the Lagrangian density L(ω) of the action (1) has been treated
as a completely arbitrary function of ω. To obtain the potential (26) as an
explicit function of xa the procedure is to solve equation (12) for ω(xa(τ)),
and then to write L and dL/dω, appearing in (26), in terms of xa(τ). Solv-
ing equation (12) analytically with respect to ω is however not possible in
general. Fortunately it is possible in the 2 most popular models studied in
the literature and in both cases relatively simple expressions for the potential
(26) are obtained:
The Kaluza-Klein model originally developed by Nielsen [4] is in the for-
malism of this paper described by the Lagrangian density L(ω) =
√
1 + ω.
In this case equation (12) is solved by:
ω =
(n+ Aφ)
2 − Ω2
gφφ + Ω2
, (27)
and the potential (26) leads to:
V =
1
2
(gφφ + Ω
2 + (n+ Aφ)
2), (28)
in agreement with Ref.10.
Another popular model [6] originally developed by Witten [5] is obtained
by the choice L(ω) = 1 + ω/2. In that case equation (12) leads to:
ω =
(n+ Aφ)
2 − Ω2
gφφ
, (29)
with the following expression for the potential (26):
V =
1
2
(gφφ + Ω
2 + (n+ Aφ)
2 +
(Ω2 − (n+ Aφ)2)2
8gφφ
, (30)
also in agreement with Ref.10, where an action integral adjoint to (1) was
used.
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The derivation of the Hamiltonians (19) and (24) is very similar to the
derivation of the corresponding Hamiltonians for an infinitely long open sta-
tionary string in a stationary background, carried out by Carter et.al. [9].
The essential difference (except for differences in notation etc.) seems to be
a formal interchange of the azimuthal angle φ and the coordinate time t.
Looking backwards we can understand this similarity in the following way:
Decomposing the coordinates xa of equation (4) in the way:
xa = (t, xi); i = 1, 2, (31)
where t is the time coordinate, and then formally performing the interchang-
ings:
τ ←→ σ, t←→ φ (32)
in the Ansatz (5), we get the ”dual” Ansatz:
t = τ, φ = φ(σ) , xi = xi(σ); i = 1, 2
Φ = f(σ) + nτ. (33)
This is in fact exactly the Ansatz used by Carter et.al. [9] for the stationary
open string. Furthermore the assumption in this paper of axially symmetric
backgrounds is by the ”duality” transformation (32) turned into the assump-
tion of stationary backgrounds of Ref.9, so everything is consistent.
One should however not overestimate the importance of this ”duality”
transformation between a stationary open string and an oscillating closed
(circular) string. A special solution for (say) the open string of Ref.9 in some
special ”physical” gravitational and electromagnetic background (for instance
a black hole metric) gives by the ”duality” transformation (32) immediately
a special solution for the oscillating circular string in a gravitational and
electromagnetic background with the time coordinate and azimuthal angle
interchanged, which will generally not be a background of any physical in-
terest. The ”duality” transformation is however useful as long as we only
consider the general formulas describing the strings, for instance the Hamil-
tonians. An other example is related to the electromagnetic properties of the
strings. The electromagnetic spacetime current density is defined by:
Jµ ≡ δ
δAµ
(
L(ω)
√
− detGαβ
)
= 2
dL
dω
√
− degGαβGαβ(Φ,α +Aνxν,α)xµ,β. (34)
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World-sheet charge and current densities ρ and j, respectively, can then be
defined as projections onto the world-sheet:
Jµ ≡ j ∂x
µ
∂σ
− ρ∂x
µ
∂τ
,
∂ρ
∂τ
=
∂j
∂σ
, (35)
where the continuity equation follows from the equation of motion for Φ.
Using the Ansatz (5) we find for the circular string:
ρ = Ω, (36)
j =
1
gφφ
[Ωgaφ
dxa
dτ
+ 2(n+ Aφ)
√−γ dL
dω
]. (37)
In the world-sheet coordinates (τ, σ) the charge density of the circular string
is constant whereas the current density is given by the complicated τ -dependent
expression (37). Now performing the ”duality” transformation (32) we find
that the stationary open string has a constant current density but a com-
plicated σ-dependent charge density, the form of which is given explicitly
by equation (37) after interchanging (τ, σ) and (t, φ). This is of course in
agreement with the results originally found by Carter et.al. [9].
We conclude this paper with a few remarks on separability and integrabil-
ity. An important result of this paper is the reduction of a complicated string
problem to a simpler point particle problem represented by the point particle
Hamiltonians (19) and (24). It is however well-known that the separation
of the corresponding equations of motion (for instance by the Hamilton-
Jacobi method) is an intricate problem, that can usually not be solved un-
less there are additional symmetries present. A special gravitational and
electromagnetic background that has attracted a great deal of interest con-
cerning separability is represented by the Kerr-Newman black hole metric
and electromagnetic potential (using Boyer-Lindquist coordinates) [11]:
ds2 = −∆
ρ2
[dt−a sin2 θdφ]2+ sin
2 θ
ρ2
[(r2+a2)dφ−adt]2+ ρ
2
∆
dr2+ρ2dθ2, (38)
Aµ =
Qr
ρ2
(−1, 0, 0, a sin2 θ), (39)
where ∆ = r2 − 2Mr + a2 +Q2 and ρ2 = r2 + a2 cos2 θ.
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The separation of the simple point particle geodesics of this background
was performed by Carter [12], and this result initiated a comprehensive pro-
gram involving spin fields, strings, dyons,... in more general backgrounds
also. Of all these results we shall only mention one of the latest namely
the separation of the equations of motion for a charge-current carrying open
stationary string of the Kaluza-Klein type (L(ω) =
√
1 + ω) in the Kerr-de
Sitter background [9].
The ”duality” transformation (32) relating the open stationary string and
the oscillating circular string might give us hope that similar results can be
obtained for the circular string discussed in this paper, but unfortunately
this does not seem to hold. The potential (28) is for the Kerr-Newman
background (38),(39):
V =
1
2
[((r2 + a2)2 − a2∆sin2 θ)sin
2 θ
ρ2
+ Ω2 + (n +
aQr sin2 θ
ρ2
)2], (40)
which is not of the separable form of the first term of the Hamiltonian (24),
not even in the spherically symmetric case a = 0. The point seems to be that
when our circular string is outside the equatorial plane of the black hole, it
experiences non-central forces from the string tension and the electromag-
netic self-interaction, thus reducing the symmetries of the background. For
the Witten model (L(ω) = 1 + ω/2) represented by the potential (30) a
similar conclusion can be made.
It should be stressed that this does not necessarily mean that the system
is not integrable. The equations of motion may still be separable in an
other system of coordinates. This and related issues will be discussed in a
forthcoming publication.
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